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Abstract
The theorems of M. Ratner, describing the finite ergodic invariant
measures and the orbit closures for unipotent flows on homogeneous
spaces of Lie groups, are extended for actions of subgroups generated
by unipotent elements. More precisely: Let G be a Lie group (not
necessarily connected) and Γ a closed subgroup of G. Let W be a
subgroup of G such that AdG(W ) is contained in the Zariski closure
(in Aut(Lie G)) of the subgroup generated by the unipotent elements
of AdG(W ). Then any finite W -invariant W -ergodic measure on G/Γ
is a homogeneous measure (i.e., it is supported on a closed orbit of a
subgroup preserving the measure). Moreover, if G/Γ has finite volume
(i.e., has a finite G-invariant measure), then the closure of any orbit of
W on G/Γ is a homogeneous set (i.e., a finite volume closed orbit of a
subgroup containing W ). Both the above results hold if W is replaced
by any subgroup Λ ⊂W such that W/Λ has finite volume.
1 Introduction
In [Ra2, Ra3] Ratner showed the validity of Raghunathan’s conjecture [4]
describing orbit closures for actions of unipotent subgroups on homogeneous
spaces of Lie groups, and its analogous conjecture, due to Dani [D2], describ-
ing ergodic invariant measures for such actions. Earlier in [M1, M2] Margulis
had conjectured that the conclusions of the orbit closure and the ergodic in-
variant measure conjectures should hold also for the actions of subgroups
generated by unipotent elements, as compared to the subgroups themselves
being unipotent. In fact for actions of connected subgroups generated by
unipotent elements, this conjecture was also verified to be true in Ratner’s
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above mentioned papers. Using Ratner’s theorems for actions of unipotent
one-parameter subgroups, in this article we show the validity of the gener-
alized conjecture. This also answers a question raised by Ratner in [Ra4,
End of Section 4].
Notation. Let G be a Lie group, g its Lie algebra, and AdG : G → GL(g)
denote the Adjoint representation of G on g. An element u ∈ G is called
AdG-unipotent, if AdG(u) is a unipotent linear transformation. A subgroup
of G consisting of AdG-unipotent elements is called an AdG-unipotent sub-
group.
Let 〈U〉 denote the subgroup generated by a subset U in G. Let Zcl(X)
denote the Zariski closure of a subsetX in GL(g). For a subgroup F of G, let
F 0 denote the connected component of F containing the identity element.
For a Borel measure µ on a second countable topological space, we denote
by supp(µ) the closed subset which is the complement of the union of all
open sets with zero µ-measure.
Theorem 1.1 Let G be a Lie group and Γ a closed subgroup of G. Let
W be a subgroup of G and U ⊂ W such that U consists of AdG-unipotent
elements and AdG(W ) ⊂ Zcl(AdG(〈U〉)). Let µ be a finite W -invariant W -
ergodic Borel measure on G/Γ. Then there exists a closed subgroup H of G
containing W such that µ is H-invariant and supp(µ) is a closed H-orbit.
A Borel measure on a locally compact second countable topological space
is called locally finite, if it is finite on compact sets.
Theorem 1.2 Let G, Γ, and W be as in Theorem 1.1. Suppose that G/Γ
has a finite G-invariant measure. Let µ be a locally finite W -invariant W -
ergodic measure on G/Γ. Then there exists a closed subgroup H of G con-
taining W such that µ is H-invariant and supp(µ) is a closed H-orbit.
Theorem 1.3 Let G, Γ and W be as in Theorem 1.1. Suppose that G/Γ
has a finite G-invariant measure. Then for any x ∈ G/Γ, there exists a
closed subgroup F of G containing W such that
Wx = Fx.
Moreover, F 0x has a finite F 0-invariant measure (cf. Conjectures 1.1 and
1 below). Also the action of W is ergodic with respect to a locally finite
F -invariant measure on Fx.
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We may note that Theorem 1.1 and Theorem 1.3 have already been
proved in the above mentioned papers of Ratner in the following special
case: G is connected, W is of the form W = ∪∞i=1wiW
0, where wi is AdG-
unipotent, i = 1, 2, . . . , W/W 0 is finitely generated, and W 0 is generated
by one-parameter AdG-unipotent subgroups contained in W
0. In the case
when G is not connected and W is a nilpotent AdG-unipotent subgroup of
G, Theorem 1.1 was proved by Witte [W, Theorem 1.2]. In the case when G
is connected andW is a AdG-unipotent subgroup, it was shown by Dani [D4,
Theorem 4.3] that ifG/Γ has a finite invariant measure then any locally finite
W -invariant W -ergodic measure is finite. In [M1, Remarks 3.12], Margulis
observed that the same holds for connected W . Thus for connected W ,
Theorem 1.2 reduces to Theorem 1.1, which was proved by Ratner (for
connected W ).
The following result is deduced from that above results using the ‘sus-
pension techniques’ (cf. Witte [W, Corollary 5.8]).
Corollary 1.4 Let G and W be as in any one of the theorems stated above.
Assume that W is closed and let Λ be a closed subgroup of W such that W/Λ
has a finite W -invariant measure. Then all the theorems stated above are
true for Λ in place of W .
Further, if G/Γ admits a finite G-invariant measure and W is connected,
then we have the following additional information:
1. Any locally finite Λ-invariant Λ-ergodic measure on G/Γ is finite.
2. For x ∈ G/Γ, if Λx = Fx for a closed subgroup F of G then Fx has a
finite F -invariant measure.
From this corollary, we deduce the following.
Corollary 1.5 Let G be a connected semisimple Lie group without nontriv-
ial compact factors. Let Γ and Λ be lattices in G such that at least one of
them is irreducible in G; (see [R, Sect. 5.20] for definition). Then either ΛΓ
is dense in G or Λ ∩ Γ is a subgroup of finite index in Γ, as well as Λ.
In view of the above results we may ask if the following is true.
Conjecture 1.1 Let the notation be as in Theorem 1.1. Suppose further
that G/Γ has a finite G-invariant measure. Then the following statements
hold:
1. Any locally finite W -invariant W -ergodic measure on G/Γ is finite.
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2. For any x ∈ G/Γ, if Wx = Fx for a closed subgroup F of G, then Fx
has a finite F -invariant measure.
3. The closure of any W -orbit has finitely many connected components.
Note that by the above stated theorems and by Hedlund’s lemma 2.1,
the three statements in the above conjecture are equivalent.
Remark 1.6 If the above conjecture is valid for the diagonal action of W
on W/Λ×G/Γ, then it holds for the action of Λ on G/Γ, where W and Λ
are as in corollary 1.4.
It seems that the generalized Raghunathan conjecture due to Margulis
already includes Conjecture 1.1. Using some standard arguments, as in
proof of Theorem 7.1, one can reduce this conjecture to the case of G being
a semisimple group with no nontrivial compact factors and trivial center.
Then one can express G as a product of semisimple subgroups each inter-
secting Γ in an irreducible lattice. Using the structure of the cusps in the
quotient of the R-rank one factors, one can take care of those factors. Thus
the conjecture remains to be proved for higher rank semisimple groups G.
We use the arithmeticity theorem of Margulis, and reduce the conjecture to
its following typical case.
Conjecture 1.2 1 Let G = SLn(R), Γ = SLn(Z), and W ⊂ SLn(Q) a
closed subgroup of G such that W is contained in the Zariski closure of a
subgroup generated by AdG-unipotent elements of W . If WΓ is discrete,
then W ∩ Γ is of finite index in W .
Finally, a challenging question is to describe invariant measures and orbit
closures for actions of subgroups H whose Zariski closure is generated by
unipotent elements, which are not necessarily contained in H. For example,
let H be a Zariski dense subgroup of SL2(R) not containing any unipotent
elements, and consider the action of H on SL2(R)/SL2(Z).
2 Preliminary Results
In this section we recall some standard results or their modifications about
orbit closures on homogeneous spaces, and Zariski density of certain discrete
subgroups as in Borel’s density theorem.
1Recently Alex Eskin and G. A. Margulis informed the author that they can prove this
conjecture.
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Lemma 2.1 (Hedlund’s Lemma) Let X be a second countable topolog-
ical space and W be a group of homeomorphisms of X. Let µ be a W -
invariant W -ergodic Borel measure on X. Then Wx = suppµ for µ-almost
all x ∈ X.
Lemma 2.2 Let G be a locally compact second countable group, Γ a discrete
subgroup of G, and π : G→ G/Γ the natural quotient map. Let F be a Borel
measurable subgroup of G. Suppose there exists a locally finite F -invariant
Borel measure concentrated on π(F ). Then F is closed, π(F ) is closed, and
supp(µ) = π(F ).
Proof Since µ is locally finite, by dominated convergence theorem (see
[Ra1, Proposition 1.4]), µ is invariant under the closure of F in G, say H.
We have a natural inclusion H/H ∩ Γ →֒ G/Γ, which is H-equivariant.
Since µ is concentrated on π(F ) ⊂ π(H), we can treat µ as a locally finite
H-invariant Borel measure on H/H ∩Γ. Since µ is concentrated on an orbit
of F , we conclude that a Haar measure on H is strictly positive on F . Since
F = FF
−1
, we have that F is an open, and hence a closed subgroup of H.
Thus F = H.
Now since F is closed, the result follows from the proof of [R, Theo-
rems 1.12-1.13] (cf. [Ra2, Proposition 1.4]). Although these references as-
sume that µ is finite, the local nature of the conclusion requires only the
assumption that µ is locally finite. ✷
Lemma 2.3 Let G be a Lie group and Γ be a discrete subgroup of G. Let
π : G→ G/Γ be the quotient map. Let F be a subgroup of G such that
AdG(F ) ⊂ Zcl(AdG(F ∩ Γ)).
Then π(ZG(F )) is closed.
Proof Take any γ ∈ Γ, then ZG(γ)Γ is the inverse image of the discrete set
{λ−1γλ : λ ∈ Γ} ⊂ Γ under the continuous map G ∋ g 7→ g−1γg ∈ G. Hence
π(ZG(γ)) is dense in G. Note that if F1 and F2 are closed subgroups of G
such that π(F1) and π(F2) are closed, then π(F1 ∩ F2) is closed. Therefore
we conclude that π(ZG(F ∩ Γ)) is closed.
By our Zariski closure hypothesis, ZG(F ∩ Γ)
0 ⊂ ZG(F ). Therefore the
result follows from an observation that for any closed subgroup H of G, if
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π(H) is closed then π(H1) is closed for any subgroup H1 of H containing
H0. ✷
Definition Let F be a connected subgroup of a Lie group G and f the Lie
algebra associated to F . Let NG denote the normalizer of F in G. We define
N1G(F ) = {g ∈ NG(F ) : det(AdG(g)|f) = 1}.
Remark 2.4 Note that all AdG-unipotent elements of NG(F ) are contained
in N1G(F ). Now suppose W ⊂ G and U ⊂ W such that U consists of AdG-
unipotent elements and AdG(W ) ⊂ Zcl(AdG(U)). Then
U ⊂ NG(F ) =⇒ W ⊂ N
1
G(F ).
Proposition 2.5 Let G be a Lie group, Γ a discrete subgroup of G, and
π : G→ G/Γ the natural quotient map. Let U be a subgroup of G generated
by one-parameter AdG-unipotent subgroups of U . Suppose F is a closed
connected subgroup of G such that π(F ) has a finite F -invariant measure
and π(U) = π(F ). Then π(N1(F )) is closed in G/Γ.
Proof Let g be the Lie algebra of G and f the Lie algebra associated to
F . Let d = dim f. Consider the action of G on ∧dg via the d-exterior power
of AdG. Let p ∈ ∧
df \ {0}. Then by [DM, Theorem 3.4], the orbit Γ · p is
closed (in the reference it is assumed that G is connected, but their proof is
valid without this assumption).
Observe that the stabilizer of p in G is N1G(F ). Therefore ΓN
1
G(F ) is a
closed subset of G, and hence the same holds for N1G(F )Γ. ✷
Proposition 2.6 (Dani) Let G be a Lie group, Γ a closed subgroup of G,
and π : G→ G/Γ the natural quotient map. Let u ∈ G be an AdG-unipotent
element and µ a finite u-invariant measure on G/Γ. Then
AdG(u) ∈ Zcl(AdG(gΓg
−1)), ∀g ∈ π−1(supp(µ)).
In particular, if H is a closed subgroup of G containing u such that
supp(µ) ⊂ π(H), then
AdG(u) ∈ Zcl(AdG(h(H ∩ Γ)h
−1), ∀h ∈ H ∩ π−1(supp(µ)).
Proof This follows from Dani’s version of Borel’s density theorem [D3,
Corollary 2.6] (see [W, Proof of Corollary 4.3] for details). ✷
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3 Extension of a Discrete Unipotent Flow to a
Continuous Unipotent Flow
Notation. Let G be a Lie group and Γ be a discrete subgroup of G such that
G = G0Γ. Let π : G → G/Γ be the natural quotient map and x0 = π(e).
Let u ∈ G be an AdG-unipotent element and g be the Lie algebra of G.
Let ρ : G0 → G
0 be the universal covering homomorphism. Let {u˜(t)}
be the one-parameter subgroup of Aut(G0) such that
{D(u˜(t)) |Te(G0)=g}t∈R = Zcl(〈AdG u〉) ⊂ Aut(g) and D(u˜(1)) |g= AdG u.
Consider the semidirect product G¯ = R · G0, where t ∈ R acts as u˜(t) on
G0; in other words, tg(−t) = u˜(t)(g) for all g ∈ G0. Note that
ρ(1g(−1)) = uρ(g)u−1, ∀g ∈ G0.
Therefore we can extend ρ : Z · G0 → 〈u〉G
0 such that ρ(1) = u. Let
Γ1 = ρ
−1(Γ ∩ 〈u〉G0). Since G = G0Γ, we have
G/Γ ∼= 〈u〉G0/(Γ ∩ 〈u〉G0) ∼= Z ·G0/Γ1 ⊂ G¯/Γ1. (1)
Under this identification, the action of u on G/Γ and the action of u(1) on
Z · G0/Γ1 are identical, where u(t) = t ∈ G¯ for all t ∈ R and {u(t)} is a
one-parameter AdG¯-unipotent subgroup of G¯.
Thus we can treat a discrete unipotent flow as a restriction of a con-
tinuous unipotent flow. Now we will deduce the algebraic properties of the
invariant measures and orbit closures for the discrete unipotent flows using
the analogous properties of the continuous unipotent flows.
Let µ be a finite u-invariant u-ergodic Borel measure on G/Γ. By
Hedlund’s lemma 2.1, there exists g ∈ G0 such that supp(µ) = 〈u〉gx0.
Let w = g−1ug and λ = g−1µ; where by definition, g−1µ(E) = µ(gE)
for any Borel subset E ⊂ G/Γ. Then λ is w-invariant, w-ergodic, and
supp(λ) = π(〈w〉). Let g˜ ∈ ρ−1(g). Put w(t) = g˜−1u(t)g˜. We can treat λ as
a Borel measure on G¯/Γ1. Note that the action of w on G/Γ and the action
of w(1) on Z ·G0/Γ1 ⊂ G¯/Γ1 are isomorphic. Let λ¯ be the measure on G¯/Γ1
such that for any compactly supported continuous function f on G¯/Γ1, we
have ∫
G¯/Γ1
f dλ¯ =
∫ 1
0
(∫
G¯/Γ1
f(w(t)x) dλ(x)
)
dt. (2)
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Then λ¯ is finite, {w(t)}-invariant, and {w(t)}-ergodic. Therefore by Rat-
ner’s measure classification theorem [Ra2, Theorem 1], there exists a closed
connected subgroup H¯ of G¯ containing {w(t)} such that λ¯ is H¯-invariant
and supp(λ¯) = H¯x0. Put H = ρ(Z ·G0 ∩ H¯). Then H is a closed subgroup
of G containing w and λ is a finite H-invariant measure on Hx0. Therefore
by Lemma 2.2, π(H) is closed, supp(λ) = π(H), and H ∩Γ is a lattice in H.
We shall describe orbit closures under the assumption that Γ is a lattice
in G. Let g ∈ G0 and Y = 〈u〉gx0. Let Z = g
−1Y and w = g−1ug. Then
Z = 〈w〉x0. Let g˜ ∈ ρ
−1(g) and w(t) = g˜−1u(t)g˜. In view of Equation 1,
Z = 〈w(1)〉x0. Put Z˜ = w([0, 1])Z. Then Z˜ = {w(t)}x0 ⊂ G¯/Γ1. By
Ratner’s description of orbit closures of continuous unipotent flows [Ra3] the
following holds: There exists a closed connected subgroup H¯ of G¯ containing
{w(t)} such that Z¯ = H¯x0 and Z¯ has a finite H¯-invariant Borel measure,
say λ¯. Also the trajectory {w(t)x0 : t ≥ 0} is uniformly distributed with
respect to λ¯. Put H = ρ(Z · G0 ∩ H¯). Then H is a closed subgroup of G
containing w such that Z = π(H), and Z has a finite H-invariant Borel
measure, say λ. Also the trajectory {wnx0 : n > 0} is uniformly distributed
with respect to λ.
Definition Let the notation be as in the beginning of this section. Let Hu
be the collection of subgroups H of G such that H = 〈w〉H0, H ∩ Γ is a
lattice in H, and 〈w〉x0 = Hx0, where w := g
−1ug ∈ H for some g ∈ G0.
Let λH denote a unique H-invariant Borel probability measure on Hx0, for
all H ∈ Hu. Note that π(H) has finitely many connected components.
In view of the above discussion and the definitions, we have the following
results:
Theorem 3.1 (Ratner) Let the notation be as in the beginning of this
section. Let µ be a u-invariant u-ergodic Borel probability measure on G/Γ.
Then there exists g ∈ G0 and H ∈ Hu such that ug ∈ gH and µ = gλH .
Theorem 3.2 (Ratner) Let the notation be as in the beginning of this
section. Further assume that Γ is a lattice in G. Let g ∈ G0. Then there
exists H ∈ Hu such that ug ∈ gH and 〈u〉π(g) = gπ(H). Moreover, the
trajectory {unπ(g) : n > 0} is uniformly distributed with respect to gλH .
Proposition 3.3 (Ratner) The collection Hu is countable.
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Proof Let H is the collection of all closed connected subgroups H¯ of G¯
such that H¯ ∩ Γ1 is a lattice in H¯ and for a one-parameter AdG¯-unipotent
subgroup, say {w(t)} ⊂ H¯, we have {w(t)}x0 = H¯x0. Then by Propo-
sition 2.6 and the countability theorem of Ratner [Ra2, Theorem 1] (see
[DM, Proposition 2.1] for another proof), H is countable. From the above
discussion Hu = {ρ(Z ·G0 ∩ H¯) : H¯ ∈ H}. Hence Hu is countable. ✷
4 Singular Subsets of G Associated to the
u-action
Notation. Let G be a Lie group and Γ be a discrete subgroup of G such that
G = G0Γ. Let π : G → G/Γ be the natural quotient map and x0 = π(e).
Let u ∈ G be an AdG-unipotent element.
Definition. For H ∈ Hu, we say that F < H (or H > F ) if and only if
F ∈ Hu, F ⊂ H, and π(F ) 6= π(H). If F < H, then either dimF < dimH,
or the number of connected components of π(F ) is less than the number
of connected components of π(H). Therefore any decreasing sequence H >
F1 > F2 > · · · is finite.
For H ∈ Hu, define
N(H,u) = {g ∈ G0 : ug ∈ gH},
S(H,u) =
⋃
F<H
N(F, u) and
N∗(H,u) = N(H,u) \ S(H,u).
Note that for any γ ∈ Γ,
N(H,u)γ = N(γ−1Hγ, u) and S(H,u)γ = S(γ−1Hγ, u).
Proposition 4.1 Let H ∈ Hu and g ∈ N(H,u). Then
g ∈ N∗(H,u) ⇐⇒ 〈u〉π(g) = gπ(H).
Proof Replacing u by g−1ug, without loss of generality we may assume
that g = e. Since H ∩ Γ is a lattice in H, by Theorem 3.2, there exists
F ⊂ H such that F ∈ Hu and π(〈u〉) = π(F ). Now by definition,
e ∈ N∗(H,u) ⇐⇒ π(F ) = π(H).
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Clearly,
π(F ) = π(H) ⇐⇒ π(〈u〉) = π(H).
This completes the proof of the proposition. ✷
Proposition 4.2 Let λ be a u-invariant u-ergodic Borel probability measure
on G/Γ. Then there exist H ∈ Hu and g ∈ N
∗(H,u) such that λ = gλH ,
where λH denotes a unique H-invariant Borel probability measure on π(H).
Proof By Theorem 3.1, there exist H ∈ Hu and g1 ∈ N(H,u) such that
λ = g1λH and suppµ = g1π(H). By Hedlund’s lemma, there exists h ∈ H
such that 〈u〉π(g1h) = supp(µ). Put g = g1h. Then g ∈ N(H,u), λ = gλH ,
and 〈u〉π(g) = gπ(H). Now the proposition follows from Proposition 4.1.
✷
Proposition 4.3 Suppose g ∈ N∗(H,u) and γ ∈ Γ such that gγ ∈ N(H,u).
Then:
1. γ ∈ N1G(H
0);
2. π(H) = π(γHγ−1);
3. gγ ∈ N∗(H,u); and
4. N(H,u) contains an open closed subset of N(γHγ−1, u) containing g.
Proof Replacing u by g−1ug, we may assume that g = {e}. Since e ∈
N∗(H,u) and γ ∈ N(H,u), by Proposition 4.1,
π(H) = π(〈u〉) = π(〈u〉γ) ⊂ γπ(H) = π(γHγ−1).
By the dimension consideration, π(H0) = π(γH0γ−1), and hence H0 =
γH0γ−1. Since the action of γ on G/Γ is a homeomorphism, the num-
ber of connected components of π(H) and γπ(H) are the same. Therefore
π(H) = γπ(H). Hence γ ∈ N∗(H,u). Moreover, since with respect to
the Haar measures, vol(π(γH0γ−1)) = det(AdG(γ)|Lie(H0)) vol(π(H
0)), we
obtain that γ ∈ N1G(H
0).
By definition, the sets
{h ∈ G0 : h−1uh ∈ uH0} and {h ∈ G0 : h−1uh ∈ uγH0γ−1}
are open closed in N(H,u) and N(γHγ−1, u), respectively. Since γ ∈
N1G(H
0), statement (4) follows. ✷
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Proposition 4.4 Let H ∈ Hu and λ be a u-invariant u-ergodic Borel prob-
ability measure on π(N∗(H,u)). Then λ = gλH , for any
g ∈ N∗(H,u) ∩ π−1(suppλ).
Proof By Hedlund’s lemma, there exists g0 ∈ N
∗(H,u) such that
〈u〉π(g0) = supp(λ).
Therefore by Proposition 4.1, supp(λ) = g0π(H). Now by Ratner’s theo-
rem as discussed in the preceding subsection, we have that λ is g0Hg0
−1-
invariant. Hence λ = g0λH .
Now π−1(suppµ) = g0HΓ. By Proposition 4.3, if g ∈ g0HΓ ∩N
∗(H,u),
then gπ(H) = g0π(H). Hence gλH = g0λH = λ. This completes the proof
of the proposition. ✷
5 Abundance of Unipotent Subgroups
The following main technical result of this section is used in the proofs of
Theorems 1.1 and 1.3.
Proposition 5.1 Let G be a Lie group, H a closed connected subgroup of
G, u ∈ NG(H) an AdG-unipotent element, and U the subgroup generated by
all one-parameter AdG-unipotent subgroups of H. Then the set
{g ∈ NG(U) : g
−1ugu−1 ∈ U}
contains a neighbourhood of e in the set
{g ∈ NG(U) : g
−1ugu−1 ∈ H}.
Proof Let U˜ = AdG(U). Then U˜ is a connected real algebraic group
generated by one-parameter unipotent subgroups of GL(g) (cf. [Sh, Proof
of Lemma 2.9]). Put L˜ = NGL(g)(U˜). Then L˜ and L˜/U˜ are real algebraic
groups, and the natural quotient homomorphism q˜ : L˜→ L˜/U˜ is algebraic.
Put L = NG(U).
Claim 5.1.1 There exists a neighbourhood Ω of e in L such that for any
h ∈ H ∩ Ω, if q˜(AdG(h)) is an algebraic unipotent element of L˜/U˜ , then
h ∈ U .
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To show this, let Ω˜ be a neighbourhood of the identity in L˜/U˜ such
that the following holds: For any one-parameter subgroup h¯(t) ⊂ L˜/U˜ , if
h¯([0, 1]) ⊂ Ω˜ and h¯(1) is an algebraic unipotent element, then {h¯(t)} is
algebraic unipotent subgroup. In this case, there exists a unipotent one-
parameter subgroup {h(t)} ⊂ L˜ such that q˜(h(t)) = h¯(t). Note that
H ⊂ L = NG(U) ⊂ AdG
−1(L˜).
Let Ω1 = Ad
−1
G ◦q˜
−1(Ω˜). Let Ω ⊂ Ω1 be a neighbourhood of e in L such
that the following holds: for any h ∈ H ∩ Ω, there exists a one-parameter
subgroup {h(t)} ⊂ H such that h = h(1) and h([0, 1]) ⊂ Ω1. Now since
U˜ ⊂ AdG(H), the claim follows from the above construction.
Let l and u denote the Lie algebras corresponding to L and U , respec-
tively. We identify the Lie algebra of L/U with l/u. Let q : L → L/U be
the natural quotient homomorphism.
Now suppose that the proposition is not true. Then there exists a se-
quence gk → e in L such that gk
−1ugku
−1 ∈ H \U for all k ∈ N. By passing
to a subsequence, there exists Xk ∈ l/u such that
q(gk) = expL/U (Xk)
for all k ∈ N, and Xk → 0 as k →∞.
Consider the linear action of L on l/u via the representation AdL/U ◦q.
Since ugku
−1 6∈ gkU , we have that u ·Xk 6= Xk. Now since AdL/U (q(u)) is
unipotent, un ·Xk →∞ as n→∞. Therefore there exists a sequence nk →
∞ such that after passing to a subsequence unk ·Xk → X, where X ∈ l/u\0.
We can choose {nk} such that expL/U (X) = q(h) 6= e for some h ∈ Ω. Thus
q(unkgku
−nk)→ q(h) as k →∞. Now U ⊂ H, gk
−1ugku
−1 ∈ H and gk → e
as k →∞. Therefore h ∈ H \ U .
Now
(q˜(AdG u))
nk q˜(AdG gk)(q˜(AdG u))
−nk → q˜(AdG h) as k →∞.
Since q˜(AdG gk) → e as k → ∞, it follows that q˜(AdG h) is an algebraic
unipotent element of L˜/U˜ . Hence by Claim 5.1.1, h ∈ U , which is a contra-
diction. ✷
The following simple observation is useful.
Lemma 5.2 Let G be a Lie group (so that G0 is analytic), F a connected
(analytic) Lie group, and ρ : F → G0 an analytic map. Let σF denote a Haar
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measure on F , andM be an analytic submanifold of G0. If σF (ρ
−1(M)) > 0,
then ρ(F ) ⊂M .
In particular, if F is an analytic subgroup of G such that N(H,u) con-
tains a neighbourhood of e in F then F ⊂ N(H,u), where N(H,u) is as
defined in Section 4.
Corollary 5.3 Let G be a Lie group, H a closed connected subgroup of G,
u ∈ NG(H) an AdG-unipotent element, and U be a the closed connected
subgroup of H generated by all one-parameter AdG-unipotent subgroups of
H. Then h−1uhu−1 ∈ U for all h ∈ H. In particular, u ∈ NG(F ) for any
subgroup F of H containing U .
Proof Let ρ : H → G be the map defined by
ρ(h) = h−1uhu−1 for all h ∈ H.
Since ρ(H) ⊂ H, by Proposition 5.1, ρ−1(U) contains a neighbourhood of e
in H. Therefore by Lemma 5.2, h−1uhu−1 ∈ U for all h ∈ H. ✷
6 Proofs of Theorem 1.1 and Theorem 1.2
For locally finite u-invariant measures, we have the following result due to
Dani:
Theorem 6.1 ([D4, Theorem 4.3]) Let G be a Lie group and Γ a closed
subgroup such that G/Γ has a finite G-invariant measure. Let u ∈ G be
an AdG-unipotent element, and µ be a u-invariant locally finite Borel mea-
sure on G/Γ. Then there exist a partition of G/Γ into countably many
u-invariant Borel measurable subsets, say Xi (i ∈ N), such that µ(Xi) <∞,
∀ i ∈ N.
Due to this result, the Theorem 1.1 and Theorem 1.2 are special cases
of the following.
Theorem 6.2 Let G, Γ, W , and U be as in Theorem 1.1. Let µ be a locally
finite W -invariant W -ergodic Borel measure on G/Γ. Suppose that for any
Ad-unipotent element u ∈ U , there exists a partition of G/Γ into countably
many Borel measurable u-invariant subsets Xi (i ∈ N) such that µ(Xi) <∞,
∀i ∈ N. Then there exists a closed subgroup H of G containing W such that
supp(µ) is closed H-orbit.
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We intend to prove this theorem by induction on the dimension of
G0. Note that the theorem is obvious, if G is a discrete group; that is,
if dim(G0) = 0.
The rest of the proof of this theorem is a series of claims and propositions.
Claim 6.2.1 We may assume that U is finite.
Proof Since the Zariski closure of a cyclic group generated by a unipo-
tent linear transformation is a connected group, we have that the Zariski
closure of 〈AdG U〉 is a connected real algebraic group of dimension, say
d. Hence there is a subset U1 ⊂ U consisting of at most d elements such
that Zcl(〈AdG U1〉) = Zcl(〈AdG U〉). Thus without loss of generality we may
replace U by U1 and assume that U is finite. ✷
Let π : G→ G/Γ denote the natural quotient map.
Claim 6.2.2 We may assume that for each u ∈ U , there exists a u-invariant
Borel measurable subset Xu of G/Γ such that µ(Xu) <∞, and π(e) belongs
to the support of the restriction of µ to Xu, and supp(µ) ⊂ π(W ).
Proof Using Hedlund’s lemma and Claim 6.2.1 it is straightforward to
obtain the conclusion of the claim for π(g) in place of π(e) for some g in G.
Now if we work with gΓg−1, in place of Γ, without loss of generality we may
assume that π(e) belongs to the support of the restriction of µ to Xu. ✷
Claim 6.2.3 We may assume that Γ is a discrete subgroup of G.
Proof For each u ∈ U , by Claim 6.2.2, π(e) belongs to the support of a
finite u-invariant Borel measure on G/Γ. Therefore by Proposition 2.6, we
have that AdG(〈u〉) ⊂ Zcl(AdG(Γ)) for all u ∈ U . Therefore W ⊂ NG(Γ
0).
Since supp(µ) ⊂ π(W ), replacing G by NG(Γ
0), without loss of generality
we may assume that Γ0 is normal in G. Now again replacing G by G/Γ0
and Γ by Γ/Γ0, the claim holds. ✷
Claim 6.2.4 We may assume that if µ(π(F )) > 0 for any closed connected
subgroup F of G such that W ⊂ NG(F ), then F = G
0.
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Proof For any w1, w2 ∈W , either
w1π(F ) = w2π(F ) or w1π(F ) ∩ w2π(F ) = ∅.
Since µ is locally finite, and µ(π(F )) > 0, the group WF/F is countable.
Put H =WF , and extend the topology of F to H such that H0 = F 0. Let
Λ = H ∩ Γ, and consider the natural continuous inclusion ρ : H/Λ→ G/Γ.
By the ergodicity of W -action, µ is concentrated on π(H). Hence µ can be
treated as a locally finite W -invariant W -ergodic Borel probability measure
on H/Λ. Suppose that F 6= G0. Then dim(H0) < dim(G0), and hence
by induction hypothesis there exists a closed subgroup H1 of H containing
W such that µ is H1-invariant and supp(µ) is a closed H1-orbit in H/Λ.
Thus H1 is a measurable subgroup of G containing W such that µ is H1-
invariant and concentrated on an orbit of H1. Now the theorem follows from
Lemma 2.2. Thus without loss of generality we may assume that F = G0.
✷
Claim 6.2.5 We may assume that G =WG0 = G0Γ.
Proof Since π(WG0) = Wπ(G0) is a closed W -invariant subset of G/Γ
with strictly positive µ-measure, by ergodicity, we have that
supp(µ) ⊂ π(WG0).
Therefore replacing G by WG0, without loss of generality we may assume
that G =WG0.
For any w1, w2 ∈W , either
w1π(G
0) = w2π(G
0) or w1π(G
0) ∩ w2π(G
0) = ∅.
Let µ0 be the restriction of µ to π(G
0). Define
W0 = {w ∈W : wµ0 = µ0} = {w ∈W : π(w) ∈ π(G
0)}.
Let u ∈ U . By Claim 6.2.2, µ0(Xu) > 0. Therefore there exists k ∈ N such
that uk ∈W0. Note that Zcl(〈AdG u〉) = Zcl(〈AdG uk〉). Put
U0 =W0
⋂(⋃
u∈U
〈u〉
)
.
Then U0 consists of AdG-unipotent elements, and
AdG(W ) ⊂ Zcl(〈AdG U0〉). (3)
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Now suppose we can prove the theorem for the action of W0 on µ0.
Then there exists a closed subgroup, say F , such that W0 ⊂ F , µ0 is F -
invariant and supp(µ0) = π(F ). By Equation 3, we have thatW ⊂ NG(F
0).
Therefore by Claim 6.2.4, F 0 = G0. Now since wµ0 is G
0-invariant for
any w ∈ W , we have that µ is G0-invariant. Thus µ is G-invariant, and
the theorem follows. Thus without loss of generality we may assume that
G/Γ = π(G0). ✷
Proposition 6.3 There exist Hu ∈ Hu for all u ∈ U such that
µ(π(∩u∈UN
∗(Hu, u))) > 0.
Proof Let Ω ⊂ G be a Borel measurable subset such that µ(π(Ω)) > 0.
Express U = {u1, . . . , uk} for some k ∈ N. There exists a u1-invariant Borel
measurable subset X1 of G/Γ such that µ(X1) <∞, and µ(π(Ω)∩X1) > 0.
Let µ1 denote the restriction of µ to X1. Then µ1 is a finite u1-invariant
measure.
Now µ1 is a direct integral of finite u1-ergodic u1-invariant measures;
(see [D1, Section 1.4] for a precise statement). Therefore by Proposition 4.2
and Proposition 3.3, there exists H1 ∈ Hu1 such that
µ1(π(N
∗(H1, u1)) ∩ π(Ω)) > 0.
Therefore there exists γ1 ∈ Γ such that
µ1(π(N
∗(H1, u1)γ1 ∩Ω)) > 0.
Put Hu1 = γ1
−1H1γ1 and Ω1 = N
∗(Hu1 , u1) ∩ Ω. Then µ(π(Ω1)) > 0.
For 2 ≤ i ≤ k, we inductively carry out the same procedure with ui in
place of u1, and Ωi−1 in place of Ω. We obtain Hui ∈ Hui such that if we
put Ωi = N
∗(Hui , ui) ∩ Ωi−1, then µ(π(Ωi)) > 0.
Now Ωk ⊂ ∩u∈UN
∗(Hu, u) and µ(π(Ωk)) > 0. This completes the proof.
✷
Proposition 6.4 Let F be a connected Lie subgroup of G such that π(F )
has an F -invariant probability measure, say λF . Suppose for some g ∈ G,
(gλF )(π(∩u∈UN(Hu, u))) > 0. Then there exists γ ∈ Γ such that
gFγ ⊂ ∩u∈UN(Hu, u).
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Proof Let λ˜F denote a Haar measure on F . Then
λ˜F ({h ∈ F : gπ(h) ∈ π(∩u∈UN(Hu, u))}) > 0.
Therefore there exists γ ∈ Γ such that
λ˜F ({h ∈ F : ghγ ∈ ∩u∈UN(Hu, u)}) > 0.
Take any u ∈ U . Then the map ρ : F → G, given by
ρ(h) = (ghγ)−1u(ghγ)u−1 for all h ∈ F,
is analytic. Since λ˜(ρ−1(Hu)) > 0, by Lemma 5.2 ρ(F ) ⊂ Hu. Hence
gFγ ⊂ N(Hu, u). This completes the proof. ✷
Proposition 6.5 For any g ∈ ∩u∈UN
∗(Hu, u) and v ∈ U , if
gλH0v (π(∩u∈UN(Hu, u))) > 0
then
gH0v ⊂ ∩u∈UN(Hu, u) (4)
and
gλH0v (π(∪u∈US(Hu, u))) = 0. (5)
Proof By Proposition 6.4, there exists γ ∈ Γ such that
gH0vγ ⊂ ∩u∈UN(Hu, u).
Hence
gH0v ⊂ ∩u∈UN(γHuγ
−1, u).
By Proposition 4.3, the set N(Hu, u) contains the connected component
of g in N(γHuγ
−1, u). Therefore gH0v ⊂ N(Hu, u) for all u ∈ U . Hence (4)
holds.
Now suppose gλH0v (∪u∈Uπ(S(Hu, u))) > 0. Then there exist u ∈ U
and Fu < Hu such that gλH0v (π(N(Fu, u))) > 0. By Proposition 6.4, there
exists γ ∈ Γ such that gH0uγ ⊂ N(Fu, u). Therefore gγ ∈ N(Fu, u). Thus
gγ 6∈ N∗(Hu, u). Since g ∈ N
∗(Hu, u), this contradicts Proposition 4.3. ✷
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Proposition 6.6 There exists a Borel set T ∗ ⊂ ∩u∈UN
∗(Hu, u) such that
µ(π(∩u∈UN
∗(Hu, u) \ T
∗)) = 0 and gλH0u(π(T
∗)) = 1, ∀u ∈ U , ∀g ∈ T ∗.
Proof Put T ∗0 = ∩u∈UN
∗(Hu, u). Let µ
∗ be the restriction of µ to π(T ∗0 ).
Let
T ∗1 = {g ∈ T
∗
0 : gλH0u(π(T
∗
0 )) > 0, ∀u ∈ U}.
Considering the ergodic decomposition of µ∗ restricted to π(N(Hu, u)) for
all u ∈ U , and applying Proposition 4.4, we obtain that µ(π(T ∗0 \ T
∗
1 )) = 0.
By Proposition 6.5,
T ∗1 = {g ∈ T
∗
0 : gλH0u(π(T
∗
0 )) = 1, ∀u ∈ U}.
Therefore µ restricted to π(T ∗1 ) is µ
∗. Now for any u ∈ U , by Proposition 4.4,
the measure µ∗ is a direct integral of measures of the form gλH0u , where
g ∈ T ∗1 .
By the above procedure we can obtain a decreasing sequence of Borel
subsets {T ∗i } such that
T ∗i+1 = {g ∈ T
∗
i : gλH0u(π(T
∗
i )) = 1, ∀u ∈ U},
and µ(π(T ∗i \ T
∗
i+1)) = 0 for all i ≥ 0. Thus T
∗ = ∩i≥0T
∗
i has the desired
properties. ✷
Claim 6.6.1 We may assume that e ∈ ∩u∈UN
∗(Hu, u), π(W ) = supp(µ),
and π(e) is in the support of the restriction of µ to π(∩u∈UN
∗(Hu, u)).
Proof Let T ∗ be as in Proposition 6.6. By Hedlund’s lemma, there exists
g ∈ T ∗ such that Wπ(g) = supp(µ) and π(g) is a density point of µ∗.
Replacing Γ by gΓg−1, and Hu by gHug
−1 for all u ∈ U , without loss of
generality we may assume that e ∈ T ∗, π(W ) = supp(µ), and π(e) is a
density point of µ∗. ✷
Proposition 6.7 H0v ⊂ ∩u∈UN(Hu, u) for all v ∈ U .
Proof Since e ∈ T ∗, by Proposition 6.6, we have that
λH0v (π(∩u∈UN(Hu, u))) = 1
for all v ∈ U . Now the proposition follows from Proposition 6.5. ✷
18
Definition 6.8 For each u ∈ U , let Uu be the subgroup generated by all
one-parameter AdG-unipotent subgroups of Hu. Then Uu is normal in Hu.
Let Fu be the connected component of the identity in the closure of the
subgroup Uu(Hu ∩ Γ). Note that π(Uu) = π(Fu).
Proposition 6.9
Fv ⊂ NG(H
0
u) ∩NG(Fu) ⊂ NG(Uu).
Proof Since e ∈ ∩u∈UN
∗(Hu, u), by Proposition 4.3,
Γ ∩N(Hu, u) ⊂ NG(H
0
u).
Note that Γ ∩NG(Uu) ⊂ NG(Fu). Now since NG(H
0
u) ⊂ NG(Uu), we have
Γ ∩N(Hu, u) ⊂ NG(Fu).
Let v ∈ U . By Proposition 6.7, Fv ⊂ H
0
v ⊂ ∩u∈UN(Hu, u). Hence Fv ∩ Γ ⊂
NG(H
0
u)∩NG(Fu). By Proposition 2.6, Zcl(AdG(Fv ∩Γ)) ⊃ AdG(Fv). Now
the proposition follows. ✷
Proposition 6.10 Express U = {u1, . . . , uk} and put
F = {f1 · · · fk ∈ G : fi ∈ Fui , 1 ≤ i ≤ k}.
Then F is a closed subgroup of G, π(F ) is closed, and F ∩ Γ is a lattice in
F .
Proof Put Fi = Fui . Due to Proposition 6.9, we can define the semidirect
product F˜ = Fk × · · · ×F1, where Fi acts on Fi−1 × · · · ×F1 by conjugation
on each factor (i = 2, . . . , k). Clearly F˜ is a connected Lie group. Let
Λ = (Fk∩Γ)×· · ·×(F1∩Γ). Since Fi∩Γ is a lattice in Fi, we have that Λ is a
lattice in F˜ . Let σ˜ be a finite F˜ -invariant measure on F˜ /Λ. By the definition
of semidirect product, the map ρ : F˜ → G, given by ρ(fk, . . . , f1) = fk · · · f1
for all fi ∈ Fi (i = 1, . . . , k), is a continuous homomorphism. Note that
F = ρ(F˜ ). Since ρ(Λ) ⊂ Γ, the map ρ determines a continuous ρ-equivariant
map ρ¯ : F˜ /Λ → G/Γ. Then the push-forward of σ˜ under ρ¯ is a finite F -
invariant measure concentrated on π(F ) = ρ¯(F˜ /Λ). Now by Lemma 2.2, F
is closed and π(F ) is closed. Since π(F ) has a finite F -invariant measure,
F ∩ Γ is a lattice in F . ✷
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Proposition 6.11 W ⊂ N1G(F ).
Proof Take any u, v ∈ U . Define the map ρ : Fv → G by
ρ(f) = f−1ufu−1 for all f ∈ Fv .
Since Fv ⊂ N(Hu, u) and Fv is connected, we have ρ(f) ∈ H
0
u for all f ∈ Fv.
Now since Fv ⊂ NG(Uu), by Proposition 5.1, ρ
−1(Uu) contains a neighbour-
hood of e in Fv. Therefore by Lemma 5.2, f
−1ufu−1 ∈ Uu ⊂ F , ∀f ∈ Fv.
Hence u ∈ NG(F ). Now the proposition follows. ✷
Claim 6.11.1 We may assume that F is a normal subgroup of G.
Proof By Proposition 2.5, π(N1G(F )) is closed. Now by Proposition 6.11,
we have supp(µ) = π(W ) ⊂ π(N1G(F )). Therefore without loss of generality
we can replace G by N1G(F ). Now the claim follows. ✷
Proposition 6.12 The measure µ is F -invariant.
Proof For any u ∈ U , since Fu ⊂ H
0
u and π(Fu) has a finite Fu-invariant
measure, by Proposition 4.4 and Proposition 6.6, µ∗ is a direct integral
of measures of the form g · λFu , where g ∈ T
∗. Therefore by arguing as
in Proposition 6.6 for Fu in place of H
0
u, we obtain a Borel set T
′ ⊂ T ∗
such that the following holds: µ∗(π(T ∗ \ T ′)) = 0, and gλFu(π(T
′)) = 1,
∀g ∈ T ′, ∀u ∈ U . Hence g · λF (π(T
′)) = 1 (∀g ∈ T ′), and the measure µ∗ is
a direct integral of measures of the form g · λF (g ∈ T
′).
Since F is a normal subgroup of G, the measure gλF is F -invariant for all
g ∈ G. Therefore µ∗ is F -invariant. Hence wµ∗ is F -invariant for all w ∈W .
Since µ is W -ergodic, and µ∗ 6= 0, we conclude that µ is F -invariant. ✷
Claim 6.12.1 We may assume that µ(π(ZG(W )
0)) > 0.
Proof Due to Claim 6.11.1 and Proposition 6.12, without loss of generality
we can pass to the quotient of G by F and assume that F = {e}.
Take any u ∈ U . Since Uu = {e}, by Proposition 5.1, there exists
a neighbourhood Ωu of e in N(Hu, u) such that ω
−1uωu−1 ∈ {e} for all
ω ∈ Ωu. Thus ZG(u)
0 contains a neighbourhood of e in N(Hu, u). There-
fore ZG(〈U〉)
0 contains a neighbourhood of e in ∩u∈UN(Hu, u). Now since
ZG(W )
0 = ZG(〈U〉)
0, by Claim 6.6.1, we have that µ(π(ZG(W )
0)) > 0. ✷
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Claim 6.12.2 G0 ⊂ ZG(W ).
Proof This follows from Claims 6.2.4 and 6.12.1. ✷
Claim 6.12.3 We may assume that G0∩Γ is contained in the center of G.
Proof By Lemma 2.3, the orbit π(ZG(γ)) is closed for any γ ∈ Γ. By
Claim 6.12.2, for any γ ∈ G0 ∩ Γ, we have W ⊂ ZG(γ). Therefore
supp(µ) = π(W ) ⊂ π(ZG(γ)).
By Claim 6.2.4, G0 ⊂ ZG(γ), and by Claim 6.2.5 ZG(γ) = G. ✷
Completion of the proof of the theorem Put Z = G0/G0 ∩ Γ. Then
Z is a locally compact group. Consider the natural inclusion ψ : Z → G/Γ.
Since G = G0Γ, the map ψ is a homeomorphism. Let the map ρ : W → Z
be defined by ρ(w) = ψ−1(π(w)) (∀w ∈ W ). By Claim 6.12.2, we have
wψ(z) = ψ(zρ(w)) for all z ∈ Z. Therefore the action of w ∈ W on G/Γ
corresponds to the right action of ρ(w) on Z. Let µ˜ be the projection of µ
under ψ−1. Then µ˜ is ergodic under the right action of ρ(W ) on the locally
compact group Z. By Claim 6.6.1, supp(µ˜) contains the identity element of
Z. Hence µ˜ is a Haar measure on the closed subgroup ρ(W ). Let H be the
inverse image of ρ(W ) in G0. Since µ = ψ∗(µ˜), we have that µ is H-invariant
and supp(µ) = π(H). This completes the proof of Theorem 6.2. ✷
7 Orbit Closures in Finite Volume Homogeneous
Spaces
One of the main purposes of this section is to prove the following result,
which will be used in the proof of Theorem 1.3.
Theorem 7.1 Let G, Γ, and W be as in Theorem 1.3. Let π : G→ G/Γ be
the natural quotient map and x0 = π(e). Let H be the minimal among the
closed subgroups F of G such that W ⊂ F and Fx0 is closed. Then H
0x0
has a finite H0-invariant measure.
To prove this theorem we will reduce this question to homogeneous spaces
of semisimple groups. In order to quotient out by solvable factors, first we
study the effects on the orbit closures when we pass to the quotients of finite
volume homogeneous spaces.
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Lemma 7.2 Let G be a locally compact group, Λ a closed subgroup G, and
put x0 = eΛ. Let Z be a closed subgroup of {g ∈ G : gΛg
−1 ⊂ Λ} such that
Zx0 is compact. Let ρ : G/Λ→ G/ZΛ be the natural quotient map. Suppose
there exists a closed subgroup H of G such that the orbit Hx0 is open in its
closure Hx0. Then
ρ(Hx0 \Hx0) = Hρ(x0) \Hρ(x0).
In particular, if Hρ(x0) is closed, then Hx0 is closed.
Proof Since ZΛ/Λ is compact, ρ is a proper map. Therefore
ρ(Hx0 \Hx0) ⊃ Hρ(x0) \Hρ(x0).
To show the inclusion, suppose that there exists y0 ∈ Y = Hx0 \ Hx0
such that ρ(y0) = hρ(x0) for some h ∈ H. Then there exists z ∈ Z such
that y0 = hzΛ. Hence zx0 ∈ Y .
We claim that zkx0 ∈ Y for all k ∈ N. To prove this claim by induction,
suppose that zkx0 ∈ Y . Now sequences {hi} ⊂ H and λi ∈ Λ be such that
hiλi → z as i→∞. Then
hiz
kx0 = (hiλi)λi
−1zkx0 = (hiλi)z
kx0 → zz
kx0,
as i → ∞. Since Y is a closed H-invariant set, we have that zk+1x0 ∈ Y .
This proves the claim.
Since Zx0 is compact, and Z ∩ Λ is a normal subgroup of Z, we have
that Z/(Z ∩ Λ) is a compact group. Hence x0 ∈ {zkx0 : k ∈ N}. Therefore
x0 ∈ Y = Hx0 \Hx0, which is a contradiction. This completes the proof.
✷
Lemma 7.3 Let G be a Lie group and Γ a closed subgroup of G such that
G/Γ has a finite G-invariant measure. Let Γ1 ⊂ Γ be a subgroup of finite
index in Γ. Let ρ : G/Γ1 → G/Γ be the natural quotient map, x1 = eΓ1, and
x0 = ρ(x1). Let H be a closed subgroup of G. Then the following statements
hold:
1. Hx0 \Hx0 closed in G/Γ ⇐⇒ Hx1 \Hx1 closed in G/Γ1.
2. Hx0 closed in G/Γ ⇐⇒ Hx1 closed in G/Γ1.
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Proof Let Γ0 be the connected component of e in Γ. Then Γ0 ⊂ Γ1.
Let Ω be a relatively compact open neighbourhood of e in H such that
Ω−1Ω ∩ Γ ⊂ Γ0. Then for any γ, γ′ ∈ Γ,
Ωγx1 ∩ Ωγ
′x1 6= ∅ =⇒ γx1 = γ
′x1. (6)
[1:⇒] Since Ωx0 is open in Hx0, we have that ρ
−1(Ωx0) ∩Hx1 is open
in Hx1. Now ρ
−1(Ωx0) =
⋃
γ∈Γ
Ωγx1.Therefore by Equation 6, Ωx1 is open
in Hx1. Hence Hx1 is open in Hx1. This proves (1:⇒).
[1:⇐] There exists Γ2 ⊂ Γ1 which is a normal subgroup of finite index
in Γ. Put x2 = eΓ2. By (1:⇒), Hx2 \ Hx2 is closed in G/Γ2. Now by
Lemma 7.2 applied to Γ2 in place of Λ and Γ in place of Z, we have that
Hx0 \Hx0 is closed in G/Γ. This proves (1:⇐).
[2:⇐] This holds because ρ is a proper map.
[2:⇒] Since Hx0 \ Hx0 = ∅ is closed in G/Γ, by (1:⇒) Hx2 \ Hx2 is
closed. By Lemma 7.2 applied to Γ2 in place of Λ and Γ in place of Z, we
get that Hx2 is closed. Now (2:⇒) follows from (2:⇐). ✷
Next we recall some of the properties of actions of unipotent subgroup
on homogeneous spaces which will be used in the proof of Theorem 7.1.
The properties considered here do not involve the description of invariant
measures and orbit closures for such actions.
Nondivergence of unipotent trajectories on finite volume homogeneous spaces
and consequences
Theorem 7.4 (Dani) Let G be a connected Lie group and Γ a lattice in
G. Let a compact set C ⊂ G/Γ and an ǫ > 0 be given. Then there exists a
compact set K ⊂ G/Γ such that for any AdG-unipotent element u ∈ G and
any x ∈ C the following holds:
1
N
N∑
n=1
χK(u
nx) > 1− ǫ, ∀N ∈ N, (7)
where χK denotes the characteristic function of K on G/Γ.
Proof For one-parameter unipotent subgroups, the analogous result is es-
sentially proved in Dani [D4]; see [DM, Theorem 6.1] for details. For the
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discrete flows, we extend the action of a cyclic unipotent subgroup to the
action of a one-parameter unipotent subgroup as in the beginning of Sec-
tion 3. Now the analogous result for the one-parameter unipotent subgroup
action implies the result for action of a cyclic unipotent subgroup. ✷
Certain observations due to Margulis in [M1], relating to Theorem 6.1
and Moore’s version of Mautner phenomenon lead to the following result.
Theorem 7.5 ([Sh, Theorem 2.3]) Let G be a Lie group, Γ a lattice in
G, and π : G → G/Γ be the natural quotient map. Let U be a subgroup of
G generated by AdG-unipotent one-parameter subgroups. Then there exists
the smallest closed connected subgroup L of G containing U such that π(L)
is closed. Further π(L) admits a finite L-invariant measure, which is U -
ergodic.
Corollary 7.6 Let the notation be as in Theorem 7.5. Then the following
statements hold.
1. There exists g ∈ L such that π(gUg−1) = π(L).
2. AdG(L) ⊂ Zcl(AdG(L ∩ Γ)).
3. π(N1G(L)) is closed.
Proof By Theorem 7.5, we have that U acts ergodically on π(L) with
respect to a finite L-invariant measure. Therefore statement 1 follows from
Hedlund’s lemma, statement 2 follows from statement 1 and Proposition 2.6,
and statement 3 follows from statement 1 and Proposition 2.5. ✷
Next we consider certain properties of actions of subgroups generated
by unipotent elements on finite volume homogeneous spaces of semisimple
groups.
Proposition 7.7 Let G be a Lie group and Γ a lattice in G. Suppose that
G0 is a semisimple group with trivial center, G = ΓG0, and ZG(G
0) ⊂
Γ. Let W ⊂ G be a subgroup such that Zcl(AdG(W )) = Zcl(AdG(〈U〉)),
where U consists of AdG-unipotent elements of W . Then there exists a
homomorphism ρ : W → G0 such that AdG(w) = AdG(ρ(w)) and wx =
ρ(w)x for all x ∈ G/Γ and w ∈W .
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Proof Since G0 is semisimple, AdG(u) ∈ AdG(G
0) for all AdG-unipotent
elements of G. Since AdG(G
0) is a connected adjoint semisimple group, it is
Zariski closed. Therefore AdG(W ) ⊂ AdG(G
0). Now since the center of G0
is trivial, there exists a homomorphism ρ : W → G0 such that AdG(w) =
AdG(ρ(w)) for all w ∈W .
Let w ∈ W . Put δ = w−1ρ(w). Then δ ∈ ZG(G
0) ⊂ Γ. Now for any
g ∈ G0,
ρ(w)π(g) = wδπ(g) = wπ(δg) = wπ(gδ) = wπ(g).
Since G/Γ = π(G0), the above equation holds for all g ∈ G. ✷
Proposition 7.8 Let G be a connected semisimple (real algebraic) group of
real rank ≥ 2 with trivial center and no nontrivial compact factors. Let Γ be
an irreducible lattice in G and x0 = eΓ ∈ G/Γ. Let {Uj} be a collection of
unipotent one-parameter subgroups of G. For each j, let Fj be a the smallest
closed connected subgroup of G containing Uj such that Fjx0 is closed. Let
F be the smallest algebraic subgroup of G containing Fj for all j. Then Fx0
is closed, Fx0 has a finite F -invariant measure, and the solvable radical of
F is unipotent.
In particular, F is the smallest closed connected subgroup of G containing
Uj for all j such that Fx0 is closed.
Proof By the arithmeticity theorem of Margulis, there exists a semisimple
Q-group G˜ and a surjective homomorphism φ : G˜ → G of real algebraic
groups such that kerφ is compact, and ρ(G˜(Z)) and Γ are commensurable
(see [Z]). By Lemma 7.3, without loss of generality we may replace Γ by
ρ(G˜(Z)) and assume that Γ = ρ(G˜(Z)). Let φ¯ : G˜/G˜(Z) → G/Γ be the
quotient map associated to ρ. Then φ¯ is a proper map.
For each j there exists a unipotent one-parameter subgroup U˜j in G˜
such that Uj = φ(U˜j). Let x˜0 = φ¯(x0). Let F˜j be the smallest closed
connected subgroup of G˜ containing U˜j such that Fj x˜0 is closed. Then by
Corollary 7.6 (1) and by [Sh, Prop. 3.2], we have that F˜j is a Q-subgroup of
G˜. If J is the smallest Q-subgroup of G˜ containing U˜j then Jx˜0 is closed.
Hence F˜j is the smallest Q-subgroup of G˜ containing U˜j .
Let F˜ be the smallest algebraic subgroup of G˜ containing F˜j for all
j. Then F˜ is the smallest algebraic Q-subgroup of G˜ containing all U˜j .
Therefore the radical of F˜ is unipotent, and F˜ x˜0 is closed, and has a finite
F˜ -invariant measure.
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Since φ¯ is a proper map, φ(F˜j)x0 and φ
−1(Fj)x˜0 are closed. Now since
Uj ⊂ φ(Fj) and φ(U˜j) ⊂ Fj , by the minimality, we have that Fj = φ(F˜j).
Since φ(F˜ ) and φ−1(F ) are algebraic groups, we have that φ(F˜ ) = F .
Since φ¯ is proper, Fx0 = φ¯(F˜ x˜0) is closed, and has a finite F -invariant
measure. Moreover since ker φ is a compact semisimple Lie group,
Rad(F ) = φ(Rad(F˜ )).
Hence Rad(F ) is unipotent. This completes the proof. ✷
Proof of Theorem 7.1
The proof is given through a series of claims.
Claim 7.8.1 We may assume that Γ is a discrete subgroup of G, and
AdG(G) ⊂ Zcl(AdG(Γ)).
Proof Since G/Γ admits a finite G-invariant measure, by Proposition 2.6,
we have that AdG(U) ⊂ Zcl(AdG(Γ)). Let
G1 = AdG
−1(Zcl(AdG(Γ))).
Then W ⊂ G1, G1 ⊂ NG(Γ
0), and Γ ⊂ G1. Therefore G1/Γ admits a finite
G1-invariant measure, and hence π(G1) is closed. Hence replacing G by G1,
we may assume that Γ0 is normal in G. Now without loss of generality we
can replace G by G/Γ0 and Γ by Γ/Γ0, and assume that Γ is a discrete
subgroup of G. Moreover, AdG(G) ⊂ AdG(Zcl(Γ)).
Now note that if F is a closed subgroup of G containing W such that
Fx0 is closed, then WF
0x0 is closed, and hence replacing F by WF
0 we
may assume that F =WF 0.
Now suppose Fi (i = 1, 2) are closed subgroups of G such that Fi =WF
0
i
and Fix0 is closed. Then Z = F
0
1 x0 ∩ F2x0 is an open an closed subset of
the closed set F1x0 ∩ F2x0. Again if we put F = F1 ∩ F2 then F
0z is open
in Z for all z ∈ Z. Therefore F 0z is closed in Z for all z ∈ Z. Hence
Fx0 is closed. Moreover dim(F
0) < min(dimF 01 ,dimF
0
2 ), unless F1 ⊂ F2
or F2 ⊂ F1. This shows the existence of the minimal H as assumed in the
statement of the theorem.
Claim 7.8.2 We may assume that H = H0(H ∩ Γ).
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Proof Take any u ∈ U . By Theorem 7.4, there exists a compact set
K ⊂ G/Γ such that the set {k ∈ N : ukx0 ∈ K} is infinite. Therefore there
exists k1, . . . , kn ∈ N such that K ∩ (〈u〉H
0x0) ⊂ ∪
n
i=1u
kiH0x0. Therefore
there exists k ∈ N such that ukx0 ∈ H
0x0.
Put W0 = {w ∈W : wx0 ∈ H0x0}. Then W0H0x0 = H0x0. Put
U0 =W0 ∩ (∪u∈U 〈u〉) . (8)
Then AdG(W ) ⊂ Zcl(AdG(〈U0〉)).
Suppose there exists a closed subgroup L of W 0H0 containing W 0 such
that Lx0 is closed. Then by Equation 8, we have that F =WL is a subgroup
of G. Note that for w1, w2 ∈W , if w1Lx0∩w2H
0x0 6= ∅ then w1
−1w2 ∈W
0.
Hence WLx0 ∩ wH
0x0 = wLx0 for all w ∈ W . Therefore Fx0 is closed in
Hx0, and hence in G/Γ. Thus F = H, and L = H
0. This shows that
replacing W by W 0, we may assume that Hx0 = H
0x0. This completes the
proof of the claim.
In particular, we may assume that G = WG0, and Wx0 ⊂ G
0x0. Thus
we may assume that G = G0Γ.
Claim 7.8.3 We may assume that is no proper subgroup L of G containing
W such that Lx0 has finite L-invariant measure.
Proof Let L be such a subgroup. Then the claim follows from replacement
of G by L.
Projecting to semisimple factors
Let R be the connected solvable radical of G. Put R′ = RΓ
0
. By Auslander’s
theorem [R, Theorem 8.24] R′ is solvable. By Zariski density of Γ, R′ is
normal in G. Therefore R = R′. Hence RΓ is closed. Now since R is
normalized by Γ, R ∩ Γ is a lattice in R (see [R, Theorem 1.13]). Therefore
by Mostow’s theorem [R, Theorem 3.1], R/(R ∩ Γ) is compact.
Let C¯ be the product of all maximal connected compact normal sub-
groups of G/R, and let Z¯ be the center of (G0/R)/C¯. Since (G0/R)/C¯ is
semisimple and G = WG0, we have that Z¯ is central in (G/R)/C¯ . Put
G¯ = ((G/R)/C¯)/Z¯ . Then G¯0 is a semisimple group with trivial center and
no nontrivial compact normal subgroups. Let σ : G → G¯ be the natural
quotient homomorphism.
Put Γ¯ = σ(Γ). Then Γ¯ is a lattice in G¯, and σ−1(Γ¯)/Γ is compact.
Let Λ = {g ∈ G¯ : g(G¯0 ∩ Γ¯)g−1 ⊂ G¯0 ∩ Γ¯}. Then Λ/Γ¯ is compact. Let
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σ¯ : G/Γ→ G¯/Λ be the natural quotient map. Then σ¯ is a proper map. Put
x¯0 = σ¯(x0).
Claim 7.8.4 It is enough to show that σ(H)0x¯0 admits a finite σ(H) in-
variant measure.
Proof Let µH denote a locally finite H
0-invariant Borel measure on H0x0.
Since σ¯ is a proper map, the projected measure µ¯H = σ¯∗(µH) on σ(H
0)x¯0
is a locally finite and σ(H0)-invariant. Now the claim follows from the
uniqueness, up to constant multiple, of the locally finite σ(H0)-invariant
measures on σ(H0)x¯0.
Since ZG¯(Λ ∩ G¯
0) ⊂ ZG¯(Γ ∩ G¯
0) ⊂ Λ, by Proposition 7.7, there exists
a homomorphism ρ : W → G¯0 such that AdG¯(σ(w)) = AdG¯(ρ(w)) and
σ(w)x = ρ(w)x for all w ∈W and x ∈ G¯/Λ¯.
There exist closed normal subgroups G1, . . . , Gk of G¯
0 such that
G¯0 = G1 × · · · ×Gk,
and if pi : G¯
0 → Gi is the projection on the i-th factor, then Λi = pi(Λ) is
an irreducible lattice in Gi. Let p¯i : G¯
0/(G¯0 ∩ Λ) → Gi/Λi be the natural
quotient map. Put σi = pi ◦ σ|G0 and xi = p¯i(σ¯(x0)).
Fix any i ∈ {1, . . . , k}. Let U be the subgroup of Gi generated by the
one-parameter unipotent subgroups {u(t)} associated to all u ∈ U such that
pi(ρ(u)) = u(1). Let Li be the smallest closed connected subgroup of Gi
containing U such that Lixi is closed. Then by Theorem 7.5, Lixi has finite
Li-invariant measure.
Claim 7.8.5 Li = Gi.
Proof Since the fibers of p¯i have finite invariant measures, we have that
pi
−1(Li)x¯0 = p¯i(Lixi) has a finite pi
−1(Li)-invariant measure. Therefore
σ(W )pi
−1(Li)x¯0 = pi
−1(Li)x¯0 has a finite σ(W )pi
−1(Li)-invariant mea-
sure. Again W (pi ◦ σ)
−1(Li)x0 = σ
−1(σ(W )pi
−1(Li))x0 has a finite W (pi ◦
σ)−1(Li)-invariant measure. Now the claim follows from Claim 7.8.3.
Claim 7.8.6 The radical of Hi = σi(H
0) is compact for all 1 ≤ i ≤ k.
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Proof For any u ∈ U , there exists a closed connected subgroup Fu of G
such that Fux0 has a finite Fu-invariant measure, u ∈ NG(Fu), and 〈u〉x0 =
〈u〉Fux0. Therefore Fu ⊂ H.
Now σi(Fu)xi = p¯i(σ¯(Fux0)). Hence σi(Fu)xi has a finite σi(Fu)invariant
measure. Therefore σi(Fu)xi is closed. Let {u(t)} be the one-parameter
unipotent subgroup of Gi such that pi(ρ(u)) = u(1). Since Zcl(〈u(1)〉) =
{u(t)}, we have that {u(t)} ⊂ NG(σi(Fu)) and
{u(t)} ⊂ NGi(Hi).
Now {u(t)}xi = {u(t)}σi(Fu)xi. This shows that
{u(t)}σi(Fu) ⊂ NGi(Hi). (9)
Case of R-rank(Gi) ≥ 2 : In this case by Proposition 7.8, the group Li is
the Zariski closure of the subgroup generated by {u(t)}σi(Fu) for all u ∈ U .
Therefore by Equation 9 and Claim 7.8.5, Hi is a normal subgroup of Gi.
Hence the claim holds in this case.
Case of R-rank(Gi) = 1 : Put F = NGi(Hi). Then U ⊂ F . Now suppose
that the unipotent radical of F is nontrivial. Since rank(Gi) = 1, F is
contained in a unique minimal parabolic subgroup, say P of G. Let N
denote the unipotent radical of P . Then U ⊂ N and σi(H) ⊃ P . Hence
{u(t)}σi(Fu) ⊂ P for all u ∈ U . Let M = ZGi(A)
0. Since
{u(t)}xi = {u(t)}σi(Fu)xi,
we have that {u(t)}σi(Fu) ⊂ MN . Therefore MN ∩ Λi 6= {e}. Hence Nxi
is compact. Therefore Uxi ⊂ Nxi, and hence
N = Li = Gi,
which is a contradiction. Thus F is a reductive subgroup of Gi. Since
{e} 6= U ⊂ F , we obtain that the solvable radical of Hi is compact. This
completes the proof of the claim.
Completion of the proof of the theorem Since σ¯ is a proper map,
σ(H0)x¯0 is closed. By the Claim 7.8.6, the radical of σ(H
0) is compact.
Now by [M3, Theorem 15], σ(H0)x¯0 has a finite σ(H
0)-invariant measure.
In view of Claim 7.8.4, this completes the proof of the theorem. ✷
Remark 7.9 We may note that the above results in this section are inde-
pendent of the classification of ergodic invariant measures and orbit closures
for unipotent flows.
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Limits of ergodic invariant measures for a discrete unipotent
flow
Our proof of Theorem 1.3 is based on the following result.
Theorem 7.10 (Mozes and Shah) Let G be a Lie group and Γ a discrete
subgroup of G such that G = G0Γ. Let u ∈ G be an AdG-unipotent element.
Let µi be a sequence of u-invariant u-ergodic probability measures on G/Γ
and such that µi converges to a probability measure µ on G/Γ in the weak-∗
topology. Suppose that x0 = eΓ/Γ ∈ supp(µ). Then there exists a closed
subgroup H of G such that the following holds:
1. µ is L-invariant and supp(µ) = Lx0.
2. For any sequence gi → e in G such that 〈u〉gix0 = supp(µi) (such
sequences exist due to Hedlund’s lemma), we have
gi
−1ugi ∈ L, ∀i≫ 0.
(Here ∀i ≫ 0 stands for the expression ‘for all i ≥ i0, for some i0 >
0’.)
In other words, u ∈ L and gi supp(µ) ⊂ supp(µ), ∀i≫ 0.
3. AdG(L) ⊂ Zcl(AdG(L ∩ Γ)).
4. L = 〈u〉L0.
Proof Using the method of Section 3, we extend the action of 〈u〉 to
the action of a one-parameter unipotent subgroup. For the action of a
one-parameter unipotent subgroup, the analogous result holds [MS, Theo-
rem 1.1]. From that we deduce statements 1 and 2 of the theorem using the
intersection with Z ·G0 as in Section 3.
By Proposition 2.6, AdG(gi
−1ugi) ⊂ Zcl(AdG(L ∩ Γ)) for all i≫ 0. Put
L1 = L ∩ AdG
−1(Zcl(AdG(L ∩ Γ))). Then gi
−1ugi ∈ L1 for all i ≫ 0,
and L1x0 is closed. Therefore gi
−1 supp(µi) = gi−1〈u〉gix0 ⊂ L1x0. Hence
supp(µ) ⊂ L1x0. This shows that L ⊂ L1, which proves statement 3.
To obtain the last statement, note that u−1gi
−1ugi → e. Therefore
u−1gi
−1ugi ∈ L
0 for all i ≫ 0. Put L2 = 〈u〉L
0. Since L0x0 is closed and
u ∈ L, we have that L2x0 is closed, and gi
−1ugi ∈ L2 for all i ≫ 0. Hence
supp(µ) ⊂ L2x0. This shows that L2 = L. This proves statement 4. ✷
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Corollary 7.11 Let G, Γ, x0, and u be as in be as in Theorem 7.10. Sup-
pose further that Γ is a lattice in G. Let gi → e be any sequence in G. Then
after passing to a subsequence, there exists a closed subgroup L of G such
that the following holds:
1. gi
−1ugi ⊂ L for all i > 0.
2. Lx0 ⊂ {∪i≥i0〈u〉gix0} for any i0 > 0.
3. AdG(L) ⊂ Zcl(AdG(L ∩ Γ)) and L ∩ Γ is a lattice in L.
4. L = 〈u〉L0.
Proof By theorem 3.2, for each i > 0, the trajectory {ungix0 : n > 0}
is uniformly distributed with respect to a probability measure µi such that
〈u〉gix0 = supp(µi). By theorem 7.4, given any ǫ > 0 there exists a compact
set K ⊂ G/Γ such that µi(K) > 1− ǫ for all i > 0. Therefore after passing
to a subsequence, there exists a probability measure µ on G/Γ such that
µi → µ. Now the conclusion of the corollary follows immediately from
Theorem 7.10. ✷
8 Proof of Theorem 1.3
Let π : G → G/Γ be the natural quotient map. Put Y = Wx. Let g ∈
π−1(x). Then replacing Y by g−1Y and W by g−1Wg, without loss of
generality we may assume that Y = π(W ).
We argue as in the proof of Claim 7.8.1 and assume that Γ is discrete.
By Claim 6.2.1 we may assume that U is finite. Using the arguments of
the proof of Claim 7.8.2, we may assume that Y ⊂ π(G0) and G =WG0 =
ΓG0.
Now we divide Theorem 1.3 into the following two complementary the-
orems.
Theorem 8.1 Let the notation and conditions be as above. Then there ex-
ists a closed subgroup M of G containing W such that π(W ) is M -invariant
and π(M) is open in π(W ).
Theorem 8.2 Let the notation be as above. Suppose there exists a closed
subgroup M of G containing W such that π(W ) is M -invariant, and π(M)
is open in π(W ). Then π(W ) = π(M). Also W acts ergodically with respect
to a locally finite M -invariant measure on π(M).
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We will prove Theorem 8.1 by closely following the arguments of the
proof of Theorem 6.2. While the proof of Theorem 8.2 involves Theorem 7.10
on limits of ergodic invariant measures for unipotent flows as a main new
ingredient.
Proof of Theorem 8.1
The proof is given via a series of claims, which are reductions to special
cases, and propositions.
Claim 8.2.1 We may assume that G contains no proper closed subgroup F
containing W such that π(F ) is closed.
Proof By Theorem 7.1 there exists a smallest closed subgroup F of G
containing W such that π(F ) is closed. Moreover, π(F 0) has a finite F 0-
invariant measure. As in Claim 7.8.2 we may assume that F = WF 0 =
F 0(F ∩ Γ). Therefore, without loss of generality, we may replace G by F .
Now the claim follows. ✷
Proposition 8.3 There exist Hu ∈ Hu for each u ∈ U such that
π(∩u∈UN(Hu, u))
contains an open subset of Y , say Ψ, and ∪u∈Uπ(S(Hu, u)) does not contain
any open subset of Ψ.
Proof Let Ω be any nonempty open subset of π−1(Y ) ∩G0. Express U =
{u1, . . . , uk} for some k ∈ N. For any H ∈ Hu1 , there exist compact sets
{Ci(H)}i∈N such that Ci(H) ⊂ Ci+1(H) for all i ∈ N, and
N(H,u1) = ∪i∈NCi(H).
By Theorem 3.2, for every g ∈ Ω, there exists H ∈ Hu1 such that g ∈
N(H,u1). Hence
π(Ω) ⊂
⋃
H∈Hu1
⋃
i∈N
π(Ci(H)).
By Proposition 3.3, Hu1 is countable. Since π(Ω) is an open subset of Y ,
by Baire’s category theorem, π(Ci(H)) contains a nonempty open subset of
π(Ω) for some H ∈ Hu1 and some i ∈ N. Furthermore we can choose the H
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with an additional property that for any F < H, the set π(Cj(F )) does not
contain any nonempty open subset of π(Ω) for any j ∈ N. Then there exists
a nonempty open subset Ω′ of Ω such that π(Ω′) ⊂ π(N(H,u1)) and, due to
Baire’s category theorem, π(S(H,u1)) does not contain any nonempty open
subset of π(Ω).
Now by Baire’s category theorem, there exists γ1 ∈ Γ such that N(H,u1)
contains a nonempty open subset Ω1 of Ω
′. Put Hu1 = γ1
−1Hγ1. Then
Ω1 ⊂ N(Hu1 , u1). Since π(S(Hu1 , u1)) = π(S(H,u1)), we have that
π(S(Hu1 , u1))
does not contain a nonempty open subset of π(Ω1).
For each 2 ≤ i ≤ k, repeating this procedure for ui in place of u1 and Ω1
in place of Ω, we obtain Hi ∈ Hui such that N(Hui , ui) contains a nonempty
open subset Ωi of Ωi−1 and π(S(Hui , ui)) does not contain a nonempty open
subset of π(Ωi).
Thus ∩1≤i≤kN(Hui , ui) contains a nonempty open subset Ω0 = Ωk of Ω
and, due to Baire’s category theorem, ∪ki=1π(S(Hui , ui)) does not contain a
nonempty open subset of Ψ = π(Ω0). ✷
Claim 8.3.1 We may assume that e ∈ ∩u∈UN
∗(Hu, u), π(W ) = Y , and
∩u∈UN(Hu, u) contains a neighbourhood of e in π
−1(Y ).
Proof By Proposition 8.3 there exists g ∈ ∩u∈UN
∗(Hu, u) such that the
following holds: Wπ(g) = Y and ∩u∈UN(Hu, u) contains a neighbourhood
of g in π−1(Y ). If we replace Γ by gΓg−1 and Hu by gHug
−1, the claim
follows. ✷
Proposition 8.4 Let L be a closed connected subgroup of G. If π(L) ⊂ Y ,
then the following holds: L ⊂ ∩u∈UN(Hu, u) and L ∩ ∩u∈UN
∗(Hu, u) is
dense in L.
Proof By Claim 8.3.1, we have that ∩u∈UN(Hu, u) contains a neighbour-
hood of e in L. Therefore by Lemma 5.2, we have that L ⊂ ∩u∈UN(Hu, u).
Now suppose that ∪u∈US(Hu, u) contains a nonempty open subset of L.
Then by Baire’s category theorem, there exists u ∈ U and F < Hu such that
N(F, u) contains a nonempty open subset of L. Therefore by Lemma 5.2,
L ⊂ N(F, u). In particular e ∈ S(Hu, u), which contradicts Claim 8.3.1.
Therefore ∩u∈UN
∗(Hu, u) contains a dense subset of L. ✷
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Proposition 8.5 H0v ⊂ ∩u∈UN(Hu, u).
Proof By Claim 8.3.1 and Proposition 4.1, for any v ∈ U ,
π(H0v ) ⊂ π(〈v〉) ⊂ Y.
Therefore the present proposition follows from Proposition 8.4. ✷
Definition Let Uu and Fu be as defined before the statement of Proposi-
tion 6.9. Using Proposition 8.5, in place of Proposition 6.7, we conclude
that Proposition 6.9 is valid. Also Propositions 6.10 and 6.11 are valid; that
is, F is a closed subgroup generated by all Fu (u ∈ U), π(F ) is closed and
has a finite invariant measure, and
W ⊂ N1G(F ).
Proposition 8.6 Y is F -invariant.
Proof Express U = {u1, . . . , uk}. For 1 ≤ i ≤ k, put Li = Fu1 · · ·Fui .
Since e ∈ N∗(Hu1 , u1), by Proposition 4.1, we have
π(L1) ⊂ π(Hu1) = π(〈u1〉) ⊂ Y.
Since F = Lk, to prove that π(Lk) ⊂ Y by induction, we assume that
π(Li) ⊂ Y for some 1 ≤ i ≤ k − 1. Put
L∗i = Li ∩ (∩u∈UN
∗(Hu, u)) .
Then for f ∈ L∗i , by Proposition 4.1,
fπ(Fui+1) ⊂ fπ(Hui+1) = 〈ui+1〉π(f) ⊂ Y.
By Proposition 8.4, L∗i is dense in Li. Hence π(Li+1) = L
∗
iπ(Fui+1) ⊂ Y .
Therefore π(F ) ⊂ Y .
Since W ∈ NG(F ), we have that
FY = Fπ(W ) ⊂ π(FW ) =Wπ(F ) ⊂WY = Y.
✷
By Proposition 2.5, π(N1G(F )) is closed. Also W ⊂ N
1
G(F ). Therefore
by Claim 8.2.1 without loss of generality we may assume that F is a normal
subgroup of G.
34
Claim 8.6.1 We may assume that ZG(W ) contains a neighbourhood of e
in π−1(Y ).
Proof Due to Proposition 8.6, without loss of generality we can pass to
the quotient G/FΓ and assume that F = {e}. Now arguing as in the proof
of Claim 6.12.1, we conclude that ZG(W ) contains a neighbourhood of e in
∩u∈UN(Hu, u). Now since ∩u∈UN(Hu, u) contains a neighbourhood of e in
π−1(Y ), the claim follows. ✷
Completion of the proof of the theorem Define M1 = {z ∈ ZG(W ) :
π(z) ∈ π(W )}. Then by Claim 8.6.1, we have that the closure M1 contains
a neighbourhood of e in π−1(Y ). Now for any z ∈M1,
Y =Wπ(z) = zπ(W ) = zY. (10)
Therefore ifM is the closure of the subgroup generated byM1 andW . Then
MY = Y and π(M) is open in Y . This completes the proof of the theorem.
✷
Proof of Theorem 8.2
We intend to prove this theorem by induction on dim(G). For dim(G) = 0
the theorem is trivial.
Put Y = π(W ). Without loss of generality we may assume that
M = {g ∈ G : gY = Y }. (11)
Put Y1 = Y \ π(M). Note that Y1 is M -invariant. We want to show that
Y1 = ∅. Suppose that
Y1 6= ∅. (12)
Then arguing as in Proposition 8.3, for each u ∈ U there exists Hu ∈ H
such that ∩u∈UN(Hu, u) contains a nonempty open subset of π
−1(Y1), say
Ψ, such that π(∪u∈US(Hu, u)) does not contain any open subset of π(Ψ).
Let g ∈ Ψ \ ∪u∈US(Hu, u). Replacing Γ by gΓg
−1 and putting x = π(g−1),
without loss of generality we may assume that Y =Wx, Y1 = Y \Mx, and
e ∈ ∩u∈UN
∗(Hu, u).
Thus π(〈u〉) = π(Hu).
35
Just as in Claim 8.2.1, we may assume that there is no proper closed
subgroup F of G containing W such that Fx is closed.
In view of (10), (11) and (12), there exists a sequence gi → e in G
0 \
ZG(W ) such that π(gi) ∈Wx for all i ∈ N. By Corollary 7.11, after passing
to a subsequence, we have the following: For any u ∈ U , there exists a closed
subgroup Lu of G containing u such that π(Lu) ⊂ Y ,
gi
−1ugiu
−1 ∈ L0u, ∀i≫ 0, (13)
Lu ∩ Γ is a lattice in L, and
AdG(Lu) ⊂ Zcl(AdG(Lu ∩ Γ)).
Since Lu = 〈u〉L
0
u and π(〈u〉) = Hu, we deduce that
Lu ∩ Γ = (L
0
u ∩ Γ)(Hu ∩ Γ).
Hence
AdG(Lu) ⊂ Zcl(AdG(L
0
u ∩ Γ)(Hu ∩ Γ)). (14)
We claim that π(Lu) ⊂ Y1. Because, if Mx contains a nonempty open
subset of π(Lu) ⊂ Y , then L
0
u ⊂M , and hence Lu ⊂M . But
π(M) ∩Mx = ∅,
which proves the claim.
Now by arguments as those involved in the proof of Proposition 8.5,
L0u ⊂ ∩v∈UN(Hv, v). (15)
For any v ∈ U , let Uv denote the subgroup generated by all one--
parameter AdG-unipotent subgroups of Hv, and Fv denote the closed con-
nected subgroup of Hv such that π(Uv) = π(Fv). Then F =
∏
v∈U Fv is a
closed subgroup of G. Also Fx admits a finite F -invariant measure, and
π(NG(F )) is closed.
Claim 8.6.2 We may assume that F is a normal subgroup of G.
Proof Since e ∈ ∩v∈UN
∗(Hv, v), by (15) and by the arguments as in the
proof of Proposition 6.9 we have that
L0u ∩ Γ ⊂ NG(H
0
v ) ∩NG(Fv),∀v ∈ U . (16)
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On the other hand, by the arguments as those involved in Proposi-
tion 6.11, we have v ∈ NG(F ) for all v ∈ U . Since π(NG(F )) is closed,
we have Hv ⊂ NG(F ) for all v ∈ U . Therefore by (14),
Lu ⊂ NG(H
0
u) ∩NG(F ). (17)
Since gi
−1ugi ∈ Lu for all i ≫ 0, we have that u ∈ giNG(F )gi
−1 for all
i ≫ 0. Therefore W ⊂ giNG(F )gi
−1 for all i ≫ 0. For each i > 0 there
exists wi ∈W such that wix = π(gi). ThereforeW ⊂ (wi
−1giNG(F )gi
−1wi),
and (wi
−1giNG(F )gi
−1wi)x = wi
−1giπ(NG(F )) is closed. Therefore by an
assumption made earlier in the proof, wi
−1giN(F )gi
−1wi = G; or in other
words, F is a normal subgroup of G. ✷
Let G¯ = G/F and ρ : G → G¯ be the quotient homomorphism. Note
that π(F ) is closed. Therefore Γ¯ = ρ(Γ) is a discrete subgroup of G¯. Let
π¯ : G¯→ G¯/Γ¯ be the natural quotient. Note that if Γ is a lattice in G, then
Γ¯ is also a lattice in G¯.
Claim 8.6.3 We may assume that ρ(H0v ) contains no nontrivial AdG¯uni-
potent oneparameter subgroup for all v ∈ U .
Proof If it does, then by the same arguments as before on G¯/Γ¯, we can
go modulo another subgroup like F containing all the one-parameter AdG¯-
unipotent subgroups of all Hv. ✷
By (15) and the arguments as in the proof of Claim 6.12.1, we have
ρ(L0u) ⊂ ZG¯(ρ(W )), ∀u ∈ U . (18)
Therefore by (13), we have that ρ(gi
−1ugi) and ρ(u) commute with each
other. Therefore ρ(gi
−1ugiu
−1) is an AdG¯-unipotent element for all i ≫ 0.
Since gi → e, for each u ∈ U and each i ≫ 0, there exists a unique one-
parameter AdG¯-unipotent subgroup {ui(t)} such that
ui(1) = ρ(gi
−1ugiu
−1).
Therefore {ui(t)} ⊂ ρ(L
0
u) for all i ≫ 0. Now since π¯(ρ(L
0
u)) has a finite
ρ(L0u)-invariant measure, by Proposition 2.6 and by (16), we have
{ui(t)} ⊂ NG¯(ρ(H
0
v )), ∀u, v ∈ U , ∀i≫ 0.
Now by Claims 8.6.3, Proposition 2.6 and (18), we have
{ui(t)} ⊂ ZG¯(ρ(Hv)), ∀u, v ∈ U , ∀i≫ 0. (19)
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Put
S1 =
[⋂
v∈U
ZG¯(ρ(Hv))
]0
⊂ ZG¯(ρ(W )). (20)
By Lemma 2.3, π¯(S1) is closed. Also {ui(t)} ⊂ S1 for all u ∈ U and for all
i ≫ 0. Let S be the smallest closed connected subgroup of S1 such that
π¯(S) is closed, and {ui(t)} ⊂ S for all u ∈ U and all i≫ 0.
Proposition 8.7 AdG¯(S) ⊂ Zcl(AdG¯(S ∩ Γ¯)).
Proof Since π¯(ρ(L0u)) has a finite ρ(L
0
u)-invariant measure, by Theorem-
7.5, for each i≫ 0, there exists a smallest closed connected subgroup Su,i of
L0u containing {ui(t)} such that π¯(Su,i) is closed. And by Corollary 7.6(2),
AdG¯(Su,i) ⊂ Zcl(AdG¯(Su,i ∩ Γ¯)), ∀u ∈ U , ∀i≫ 0. (21)
Since π¯(S) is closed, π¯(S ∩ ρ(L0u)) is closed. Therefore by minimality,
Su,i ⊂ S for all u ∈ U and all i≫ 0.
Put
S′ = S ∩AdG¯
−1 Zcl(AdG(S ∩ Γ¯)).
Since π¯(S) is closed, we have that π¯(S′) is closed. Since {ui(t)} ⊂ S
′ for all
u ∈ U and all i≫ 0, by minimality, S′ = S. ✷
Claim 8.7.1 We may assume that S is central in G¯.
Proof By definition of S and Corollary 7.6(3), π¯(N1
G¯
(S)) is closed. By (20),
we have ρ(gi
−1ugi) ∈ N
1
G¯
(S) for all u ∈ U and i ≫ 0. Therefore by Zariski
density, ρ(gi
−1Wgi) ⊂ N
1
G¯
(S) for all i ≫ 0. Now by the arguments at
the end of the proof of Claim 8.6.2, without loss of generality we may as-
sume that S is a normal subgroup of G¯. Therefore by Proposition 8.7 and
Lemma 2.3, we have ZG¯(S)π¯(ρ(g
−1)) is closed. Note that ρ(W ) ⊂ ZG¯(S)
and x = π(g−1). Therefore by an earlier assumption, G¯ = ZG¯(S). ✷
Proposition 8.8 The orbit π¯(S) is compact, and there exists a closed sub-
group T of G containing ρ(W ) such that π¯(ρ(W )) = π¯(T ). In particular,
π¯(ST ) is closed.
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Proof By Claim 8.7.1, we have that S ∼= Rk for some k and S ∩ Γ¯ ∼= Zr
for some 0 ≤ r ≤ k. Then for all u ∈ U and all i ≫ 0, we have that Su,i is
contained in the subgroup of S corresponding to the Rr with respect to the
above isomorphisms. Therefore by the definition of S, S ∼= Rr; that is π¯(S)
is compact.
By Theorem 8.1, there exists a closed subgroup T of G¯ containing ρ(W )
such that π¯(ρ(W )) is T -invariant and π¯(T ) is open in π¯(ρ(W )).
Since gi 6∈ ZG(W ) for all i > 0, we have that dim G¯/S < dimG. There-
fore by the induction hypothesis applied to G¯/SΓ¯, and Lemma 7.2, we con-
clude that π¯(T ) is closed; that is, π¯(ρ(W )) = π¯(T ). This completes the
proof of the proposition. ✷
Completion of the proof of the theorem Since ρ(gi
−1ugiu
−1) ∈ S for
all u ∈ U and all i ≫ 0 and S is normal in G¯ ρ(g−1i wgiw
−1) ∈ S for all
w ∈ 〈U〉. Since AdG¯(ρ(W )) ⊂ Zcl(〈AdG¯(U)〉), and since S is a normal
subgroup of G¯, we deduce that ρ(gi
−1wgiw
−1) ∈ S for all w ∈ W . This
shows that ρ(gi
−1Wgi) ⊂ ST for all i ≫ 0. Hence by the arguments as in
the last part of the proof of Claims 8.6.2, we conclude that G¯ = ST .
Since gi ∈ ST , S ⊂ Z(G¯) and ρ(W ) ⊂ T , we have that
ρ(gi
−1wgiw
−1) ∈ T for all w ∈W and all i≫ 0.
Therefore by the definition of S, we have S ⊂ T . Hence T = G¯ = G/F .
Now π¯(ρ(W )) = π(T ) and π(W ) is invariant under F = ker ρ. Hence
π(W ) = π(G). Since Y1 ⊃ π(W ) and Y1 ∩Mx = ∅, we have a contradiction.
Hence Y1 = ∅. Thus Wx =Mx.
Now using the arguments as in the proof of Theorem 6.2, it is straight-
forward to verify that W acts ergodically with respect to a locally finite
M -invariant measure on Mx. This completes the proof of the theorem. ✷
9 Some Consequences
In this section we derive the corollaries, which are stated in the introduction,
of the descriptions of invariant measures and orbit closures for the actions
of subgroups generated by unipotent elements.
Proof of Corollary 1.4
The proof given below is due to Dave Witte.
The proof for the description of the ergodic invariant measures follows
from Theorem 1.1 and the arguments as in [W, Proof of Corollary 5.8].
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Proof for the description of orbit closures
To describe the orbit closures without loss of generality we may assume that
x = eΓ and G =WΓ = ΓG0.
Now as in Claim 7.8.1, without loss of generality we may assume that Γ is
discrete.
Let G′ =W×G, Γ′ = Λ×Γ, and ∆ :W → G′ be the diagonal embedding.
Note that G′/Γ′ =W/Λ×G/Γ. Let
x1 = eΛ ∈W/Λ, x2 = eΓ ∈ G/Γ, and x
′ = (x1, x2).
Note that G′, Γ′, and ∆(W ) satisfy the conditions of Theorem 1.3; and
hence there exists a closed subgroup F ′ of G′ containing ∆(W ) such that
∆(W )x′ = F ′x′.
We claim that
(x1,Λx2) = ∆(W )x′ ∩ (x1, G/Γ). (22)
Since ∆(Λ)x′ = (x1,Λx2), we have that (x1,Λx2) ⊂ ∆(W )x′∩(x1, G/Γ).
To prove the opposite inclusion, suppose that (x1, x) ∈ ∆(W )x′. Let {wn} ⊂
W with wnx1 → x1 and wnx2 → x. Because wnx1 → x1, there exist
sequences {λn} ⊂ Λ and δn → e in W such that wn = δnλn for all n ∈ N.
Therefore λnx2 = δn
−1wnx2 → x. Thus x ∈ Λx2. This proves the claim.
Now by Equation 22,
(x1,Λx2) = F
′x′ ∩ (x1, Gx2)
= (F ′ ∩ (Λ×G))x′
= (x1, Lx2),
where L is the projection of F ′ ∩ (Λ ×G) into G. Thus Λx2 = Lx2. Since
Lx2 is closed, replacing L by L¯ we have that L is a closed subgroup of G.
By Theorem 1.3, (F ′)0x′ has a finite invariant measure. Let F ′0 be any
subgroup of F ′ containing (F ′)0 such that F ′0x
′ has a finite F ′0-invariant
measure. Because the stabilizer of x′ = (x1, x2) in F
′
0 is contained in F
′
0 ∩
(Λ×G), this implies that (F ′0∩(Λ×G))x
′ also has a finite invariant measure
(see [R, Lemma 1.6, p. 20]). Thus, letting L′ be the projection of F ′0∩(Λ×G)
into G, we see that L′x2 has a finite invariant measure. Because L
′ is open
in L, we have that L0 is the identity component of L′. Hence we conclude
that L0x2 has a finite invariant measure. This completes the main part of
the proof of the corollary.
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Note that if F ′x′ has a finite F ′-invariant measure, then L′ = L. There-
fore Lx2 has a finite L-invariant measure. Note that if W is connected, then
F ′x′ is connected, and hence Lx2 has a finite L-invariant measure. ✷
Proof of Corollary 1.5
First without loss of generality we may assume that Λ is irreducible. Since
G is a connected semisimple group with no nontrivial compact factors, G
is generated by AdG-unipotent one-parameter subgroups. By Corollary 1.4,
applied to W = G, there exists a closed subgroup F of G containing Λ
such that ΛΓ = FΓ. Therefore F 0 is normalized by Λ. By Borel’s density
theorem, AdG(Λ) is Zariski dense in AdG(G). Therefore F
0 is a normal
subgroup of G.
Note that ΛF 0 is an open, and hence a closed, subgroup of F . Therefore
the projection of Λ on G/F 0 is discrete. Now since Λ is an irreducible lattice
in G, either F 0 = {e} or F = G. Thus either ΛΓ is discrete, or ΛΓ is dense
in G. Since W = G is connected, by Corollary 1.4, FΓ/Γ has a finite F -
invariant measure. Therefore if F 0 = e then FΓ/Γ = ΛΓ/Γ is finite. This
shows that Λ ∩ Γ is of finite index in Λ. Therefore Λ ∩ Γ is a lattice in G,
and hence it is a subgroup of finite index in Γ. ✷
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